UDC 539, 8

THE METHOD OF DUAL SERIES IN TERMS OF BESSEL FUNCTIONS IN MIXED
PROBLEMS oF THE THEORY OF ELASTICITY FOR A CIRCULAR PLATE

PMM Vol. 41, N2 3, 1977, pp. 486-492

V.M, ALEKSANDROV and M, I, CHEBAKOV
(Rostov=-on-Don)
(Received June 26, 1976)

Naturally mixed axisymmetric problems of the theory of elasticity are studied
for the case of a circular plate of finite radius and thickness, Mixed boundary
conditions are specified at the plate faces. The boundary conditions given at
the side surface are chosen so as to make the problems reducible to dual series
in terms of Bessel functions. The dual series are solved using the general method
given in [1] and based on reducing the series to an infinite algebraic system of
the first kind with a singular matrix of coefficients, Exact inversion of the prin-
cipal singular part yields aninfinite system of the second kind, and this is solved
in an approximate manner by reduction on a digital computer. In addition, the
principal term of the asymptotics of the solution is obtained for the case of a pl-
ate of relatively small thickness. Two problems of torsion of a stamp on a plate
are studied in detail as examples, and results of the numerical computations are

given,

1, Reduction of the dual series to an infinite system, Using

the cvlindrical coordinate system, let us consider an elastic plate occupying the region
0 < z<< h, r < R. The contact problem of impressing a stamp into the face z
= h of the plate rigidly clamped by its base 2z =0 , or lying freely on a ri-

gid support z =0 , under the condition that on the side surface we either have

up (z, B) =0, T, (s R)=0

Or (Z, R) = 01 U, (Z1 R) =0

can be reduced to the problem of investigating a dual series equation of the form

had 1.1)
3\ 6K () o (wa2) = f (&) O<z<a)
k=1
Eakf\.(ukx)=0 (a<x<R)
k=1
(L.2)
_ P (uz) _ d u? u2 -1 .
K@ =420 — AL[I(1+ _5n2>(1+ —v,,2> . A= oconst
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Here a; are unknown coefficients, Jy (%) are the Bessel functions (‘\’ > —1/2)
and X (u)is an even meromorphic function which can be written in the form (1, 2), where
=418, and =iy, denote denumerable sets of simple zeros and poles. When consid-
ering the equation (1. 1) in its general form, we shall assume that 8, and Y» in-
crease monotonously in modulo with their index, thus ensuring the convergence of the
infinite product (1.2). However, the following estimate holds on any correct system of

contours Cp, in the complex variable % plane;

K@ =0 ([ u lp), <0, n—> oo
and u, are zeros of the equation
) (1.3)
[-3; Jo (ugz) + o, (u"x)]ng =0

Let f (@) = T, (iex) in (1. 1) and remember that the function f (z) can in
general be expanded into a series in terms of the functions J, (iex%). Then the
dual series equation (1. 1) will be equivalent to the following infinite systern:

1,4
(B, + By) X (£) = D, () + D, (¢) (1.4
B — VoK oa Wt} 1, (8,0) -8 1, , (8,0 K, (v,,2)
1= { (8,2 7v,,0 K, (v,,9)1,(8,a) }

v""‘}""l (?’ma) I“ (6'na) - 61'1.1'\'—1 (6 a) Iv (?ma)
Ba= — { (8,2—7v,0K,(v,,97, (Z{nﬂ) B (Ym: R)}

YmK\J-—l (Yma) ‘IV (sa’) + Elv—l (Sa) Kv (Yma)
Dite) = { Wl — e K, (7,00 K (i8) }
VYloo1 (vma) I, (ga) —el,_,(ea)l, (?ma)
D, (8) = - { V2 82)Kv(?ma)K (ie) B (Yrm R)}

?va—l (?mR) —{a— v/R) K\: (YmR)
’lev-1 (YmR) + ((1 - V/R) Iv (YmR)

B (va R) =

Here B;= {bik),n} denote the matrices and D; (g) = {dn® ()}, X (e) =
{za (8)} the column vectors of infinite order (i =1, 2). The coefficients g, (k

=1, 2, o) of (1. 1) are connected with the solution of the infinite system (1,
4) by the following relations:

(1.9)
K (ie)J, (iez) + ) «, ()T, (8,2) 1,2 (d a) (O<z<a)
q (x) = n==1 "
0 (e<zgR)

q(x) = &Zz}l arJ, (u;x) (1.6)
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Assuming that [y, |, [Sm | ~m O = VYm) 3 m-> o and taking
into account the asymptotic representation of the functions K, (z) and /, (z) with =z

— 00, we can regularize the system (1.4) by separating and inverting an infinite mat-
rix A  with the elements

Apn — (6n - Ym)ul, 4 = {amn} (1.1
Using the matrix A™! which is an inverse of A, with the elements [2]
. (1.8)
Tam = [(K—nl (i'Ym))' K+, ("‘ lﬁn) (Ym '”’ 611)]-11 AT = {Tnm}
K (—uw)=VA = x \
Ko@=K (-w=VaIl (t+5-)(1+57)
we can reduce (1, 4) to an infinite system of the second kind
1.9
X () = AV (D, (e) + D, (g)) — A (By + By — A) X (9) (1.9

The above system can be solved for specified values of the parameters appearing in it,
using the method of consecutive approximation {2].

Passing in the infinite system (1,4) to the limit as R — oo, the matrix B: and
the column vector ], (e) both vanish and we obtain the infinite system

By X (e) = Dy (e)
corresponding to the contact problem for an elastic layer.

2, Torsion of a stamp on a circular plate, Letus consider the
solutions of two mixed problems of the theory of elasticity concerning torsion of a stamp
on a circular plate with its side edge rigidly clamped (Problem 1) or with its side edge
stress-free (Problem 2). The above problems will be equivalent to the following two bo-
undary value problems written in terms of the displacement function v (r, 2) along the

O axis

(2.1
?iv_ 1 ov v o2
R i N =
v=0r for 0r<Ca,z=n (2.2
a
Tzwzg.g:‘:o for g<<r<R,z2="h
v=0 for 0{r<CR,z=0
(2.3)

pr=0 for r33’0<z\<\kgpmblem1)
i, .
Tre = G(a—f-...._v_) = () forppy— R, O<Z§h(problem 2) 2.4)

r

Here § is the angle of rotation of the stamp, @ is the stamp radius, R 1isthe
plate radius, % is the plate height and (G is the shear modulus.
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Seeking p (r, 2) in the form
(2.5)

v(r,z) =28 21 @y sh .z (u, chu byt Iy (u,r)

we find that the coefficients 2, are given by the dual series equation (1.1) in which
we set

v=1, f() =2, K (u) = u'thuh (2.6)

The differential equation (2, 1) and the boundary conditions (2, 2) will be satisfied here,
Complying now with the conditions (2. 3) and (2.4), we obtain the following equations
defining the constants Uk for the Problems 1 and 2,respectively:

2,7
Ji(ue R) =0, J, (uxR) =0 @D

The above equations represent a particular case of (1,3) form = 00 and o =1,
The contact stresses under the stamp are given by the relation

0 (2.8)
Tro (1, 0) = G8 3 g,y (u) O<r<a)
n=1
Taking into account the relation
. d
r = l:f; Ty Jl (87‘)
and (1. 5), (1,6), we obtain
(2.9)

Tre (r,0) = G8lim = ¢ (x) =
g}

o0 . d
65| +2 Yy B [ 0,), ¥ = lim -, (0)

n=1

where z, (g) is the solution of the infinite system (1.4) for v = {4 and

o = oo (Problem 1) and for o = 0 (Problem 2), Differentiating (1,4) with res-
pectto & andsetting g =0, we obtain the following infinite system for deter-
mining the coefficients y (n = 1, 2, o)

2.10
B-Y =D, B=B+By—thu), ¥ = (g}, D= ()
d. — a {Ky(y,,8) — B (v, B2 (v,,0)] 5 fnn 7 (2m — 1}
m = 2Ry, K1(v,.a) P T T Ve =Ty
K R)
B (Y. R) = “7;1-((—;(% Problem 1
Ka (v, )

B (Ym: R) = =55 Problem 2
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The matrices B, and B, are given by (1,4) with v = 1,
Using (2. 9), we obtain the following relation connecting the moment M  applied

to the stamp with the angle of rotation 0
(2.11)

a {t bt 12 (éﬂ@)
M =Gba’n [5}—; = Z Yn 5160 ]

Ao

For the Problem 2 with R =a (2,10) yields dp, = 0, bnn =0, consequen-
tly, the solution of the infinite system (2.10)is gy, = 0. Thus when B = a
the formulas (2, 9) and {2, 11) yield the exact solution of the problem of torsion of a rod
by a stamp of the same diameter,
Let us find the principal term of the asymptotics of the solution of (2, 1) for small

h/a and(R — a) / h > 0.Using the relation 8, = nin / h, y,, = 1 @m — 1)

/ 2k and the asymptotics fo the functions [, (z) and K, (z) for large values
of the argument z, we have the following expressions for the small values of h / a

By = A + By, By~ {3 [8a%,8, (b6, — p)1} 1D
D~{a fiéxp(—-gvm(&—a})} b,

2hy

wm

+ exp (—2y, (R —a)
B ~{ m
: 5, +7,, }

where the elements of the matrix A4 are given by (1.7), Here and henceforth the pl-
us sign refers to the Problem 1 and the minus sign to Problem 2,

Using the fact that the elements of the matrices B, and Bj; are small compa-
red to those of the matrix A we obtain, for b /g 020d(R — a) / A > Ro > 0,

the infinite system
AYy =Dy, Yo ={yn} (2.13)

the solution of which will represent the principal term of the asymptotic to the solution

of (2.10) for small &/ a and (R — a) / h > Ry >0. The matrix 4  has an
inverse A~ with elements (1. 8) which, for the problems in question, assume the form
(2. 14)
- {(2n — D (2m — 3N
nm A(2n — Mt 2m — 2)1 (2n — 2m - 1)

Moreover, the solution of the inifinite system (2, 13) with its right-hand side equal to
{a ! (2hym)}. is known [2], Using this fact and the inverse matrix (2. 14), we

obtain the solution of (2, 13) in the form

. (2. 15)
o a{2n— 1 [.i.-ﬂ;-i, (2m — N exp (— n (B ~— a)} (2m — 1)/RY
Yo = FEn—2n |G = 5 @m — )20 — 2m 1) @m 3 1)

m=1
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For small , / a the formula (2, 11) can be transformed asymptotically to the form

ih . (2. 18)
a - -}
M = ﬂ:GGda <7}l_ —l— —J{t;- n lyn )
n=1
and the formula (2,9), for 0<<ep < r < a, to the form
(2.17)
T (r,0) = G8[ -4 +2)/ LY y o ]
Nl
E(r) = exp [-—- -;;-(a - r)]
f r—>0, then
ro. PR - (2.18)
T (,0) = 68 -+ BV SNy VB (0) + 0 ()]

n=1

The series in (2. 17) converges uniformly for all 7<< & — &, &1 >0. when r
—>a , the series diverges and this implies that the function Tro (7, 0) has a
singularity, We transform (2, 15) to the form

y"oz%W[ii—%%(}?;a)?‘i—%(ﬂzaﬂ (2.19)

4
(2m — 3)l1 exp [— iz (2m — 1)]
v,,(x)=-—2 Gm—2N@s—2m¥Dn ~ *=01..)

M=l

Substituting (2, 19) into (2, 17) and summing on of the series, we obtain

Yo (0 = B[+ L 2102y (B79)] x (2.20)
(A= E @) —1]7F 2a V——Z (2n(2—;)1)l[
v (5

The above series converges when 7 = a  and the singularity is shown explicitly, For
large values of the parameter(R — a) / hwe have

M} o<u<r<a

(2.21)

° a (2rn— 1M 4 L, n
Yn = o5 @ [1i—ﬂ_El(R)2n—l]

and hence for a small, fixed value of the parameter % / g and large values of the para-
meter (R — a) / hwe obtain
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— (2.22)
o 0) = G-+ L) Z By —
2 E(r) )
+ = m (- E0) ]
2in4 8
M*“66a3[ TR ~~*n‘AE(R)j}

We note that for smallh / @ and for (2 —a)/h — > the formulas (2.22) will
coincide with the corresponding results of [3] concerned with the problem of torsion
of a layer by a stamp.

The formula (2, 22) enables us to conclude that for 2 small, fixed value of 2 / 4
the influence of the side surface of the plate on the distribution of the contact stresses
under the stamp decays exponentially with increasing value of the parameter(R — q) / &
already becoming insignificant when (R — a) / , >» 1 , this influence can be neg-
lected, Numerical computations show that the formula (2. 22) can be used with a rela-
tive error not exceeding 10% when 2/ a < 0.5and (R —a)/h > 0.3.

To obtain the solutions of the problems in question for the domain of variation of
parameters in which the asymptotic formulias derived above become ineffective, we sh-
all truncate the infinite system (2. 10) having previously regularized it in accordance
with the shceme (1, 9). We write the truncated system in the form
. N (2.23)
= 3ttt 3 (D b 012 )

m==1 =1 \M==)
and find its solution using a digital computer,

The value of N is chosen according to the accuracy needed. The numerical com-
putations show that the convergence of the truncation method improves with increasing
parameter (R — )/ k. In the course of solving (2. 23), we have also obtained the val-
ue of the quantity

N

p= max 3 i
1<TLSN k=1

T

b=

nmh%ki

and this enabled us to make an approximate estimate of the values of #/a and 2/ a
for which the infinite system becomes completely regular,
Thus e.g, for ¥ == 43 and p <1 if R/a=-1.05, h/a<4.10 (0.28),R/a
=11, h/a< 405 (0.39) R/a=2,h/a < 428Q09; R/a=4 h/a< 43(4.07).
Here the number within the bracket corresponds to Problem 2, and the number
preceding the bracket corresponds to Problem 1. Moreover, increasing the last digit in
the inequalities by one produces the least value of the parameter %/ a for which M
> 1.
Figure 1 depicts the dependence of the quantity =1, (r, 0) (G§)7 on
r / a for some values of the parameters 2/ g and (R — a)/ ¢ for Problem 1, comput-
ed by truncating the infinite system according to the scheme (2,23) and formula (2. 9),
with N = 43. Curves I—7 in Fig.la are constructed for the follow ing values of
the parameters %/ a and (R —a)/a:1, 00; 1, 0.5;[1,0.4;0.3, 00, 0.3, 0.1;
0.3, 0.05; 0.3, 0.01. and the curves 71—6 in Fig, 1b, for 2, oo; 2, 0.5; 0.5,
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00; 0.5, 0.1, 0.5, 0.05: 0.5, 0.01. Fig. 2 depicts the dependence of the quantity m:
=3 M (16 Gla¥)™1 onhj/a for (R—a) &= o0,0.1, 0.05 0.01 (the corr~
esponding curves are 1-4), For  (R—a)ja= oo the curves are constructed ac-
cording to the asymptotic formulas of [3] where the problem of torsion of a layer by a
stamp was investigated, The latter curves practically merge with the curves in Fig. 1 de-
picting the stress distribution under the stamp, provided that (R —a)/h > 1.

T
a) b) 6
4 3
4
A

7
6
5
W/
Y ba=104" I, 477 0.5 \hla=20 4
2.3

00.1 0.9 0.5 47 rla 01 8.3 0.5 0.7 rla
Fig. 1
m
4
k_
20 S
]I
2 1
I TR 0.5 0.7 hla
Fig. 2

The graphs show that the side surface of the plate exerts a predominant influence on the
stress distribution under the stamp, near its boundary,
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